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Abstract 

In the context of the Supersymmetric Standard Model with hierarchical sfermion masses, 
we re-analyze the QCD corrections to AF = 2 effective Hamiltonian properly including effects 
which have been neglected so far. The point is that some AF = 2 diagrams, involving both 
the heavy and the light sparticles, exhibit a logarithmic dependence on the ratio between 
the two masses, signalling a sensitivity to all the momenta between the two scales. In order 
to properly deal with these terms one has to take into account the mixing between AF = 1 
and AF = 2 operators. In typical situations this treatment can affect the result at the level 
of 30% or even more. 



1 Introduction 



The experimental data unambiguosly tell us that the flavour structure of any model for New 
Physics at the TeV scale must be highly non-generic. In the context of low energy Supersymmetry, 
after imposing the bounds from Flavour Changing Neutral Currents (FCNC) the allowed portion 
of parameter space is so small that one usually refers to this fact as the Supersymmetric Flavour 
Problem. Among the various investigations which try to solve or at least alleviate the problem, 
many motivated proposals suggest that the (s)particle spectrum may be hierarchical, with the 
sfermions of the first two generations much heavier than those of the third one PQ-0. 

Very stringent bounds come from AF = 2 processes involved in K and B physics (for a recent 
review see [8]). For this reason, in order to make a comparison with data, it is important to 
resum the QCD corrections with the usual means of effective field theories. These corrections 
have already been computed [9j- [TT] , however there is an effect which has been so far neglected 
although it can be important in the case of a large hierarchy. 

If one naively computes the relevant diagrams at leading order, then those involving both 
the heavy and the light squark^j] produce terms proportional to the logarithm of the ratio of the 
two masses (we assume that the various gauginos have typical mass close to that of the third 
generation). This is a clear signal that the diagram is sensitive to all the momenta between 
the two scales and thus that these logarithms cannot be considered as initial conditions for the 
Wilson coefficient at a given scale. On the other hand the diagrams involving only the heavy 
(light) squarks are only sensitive to the higher (lower) mass scale, and they do not exhibit such 
logarithms so that they can be treated in the standard way. 

This situation is somewhat analogous to what happens in the Standard Model when one has 
to deal with logarithms of miy/ m c [12]. In that case in order to resum these logarithms to all 
orders in perturbation theory one has to consider the RG evolution, from mw down to m c , for the 
coefficients of all the relevant operators in the effective theory in which the W boson and the top 
quark are integrated out. Then at the charm threshold one can do the matching with the theory 
in which c is integrated out too, so that at the end of the day one obtains RG improved Wilson 
coefficients that multiply matrix elements which do not contain large logarithms. 

Analogously in this context AF = 2 and several AF = 1 operators are generated at the high 
scale, which then mix through the exchange of third generation squarks. This produces final 
results that, at lowest order in the coupling constant, are equal to the naive logarithms one would 
find directly from the original diagrams. The difference is that now the QCD corrections have 
been properly included at leading order, with resummed large logarithms. A first step in this 
direction has already been made in [13], in which only the leading gluino diagrams are properly 
accounted for. In this paper we extend this treatment also to the other contributions involving 
weak interactions, for the case of K physics. 

This work is structured as follows: in Section [2] we specify our setup and recall basic facts about 
the amplitudes that we consider, in Section [3] we study the flavour- violating mixing between the 
relevant operators, and finally in Section [4] we present and discuss the results. 

1 Notice that there can be situations in which this contribution is the dominant one, see for example [15] . 
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2 Structure of the heavy-light contributions to FCNC 

In order to avoid unnecessary complications and focus on our issue, we consider the following 
setup: 

1. There is a hierarchy between the mass of the (heavy) squarks of the first two generations 
mi, rri2 ~ rrih and that of the third one and the other light sparticles 777,3, m x ~ m ^ 

2. We are only interested in the AF = 2 contributions coming from the simultaneous exchange 
of both heavy and light squarks. For this reason we can totally neglect the Higgs sector, 
which couples mainly to the third generation; 

3. We neglect the mixing between LH and RH squarks as well as between gauginos; 

4. We ignore the part of the lagrangian involving right handed down quarks. They can be 
included with the same procedure we outline below. 

5. We focus on the flavour violation in the down quark sector. 

In conclusion, neglecting terms suppressed by the Yukawa coupling of down-type quarks, we 
focus on the Lagrangian: 

£fc = -gulTWdL + ^=d* L VW~ 3 d L 

V 2 

-V2^dlVBd L -V2g 3 d* L \ b Vfd L (2.1) 
o 

in which all the fields are mass eigenstates, and V, T are unitary mixing matrices. The contribution 
to the effective lagrangian for AF = 2 processes due to the exchange of one heavy and one light 
squark is: 

Ct F=2 = S he Q 1 + h.c. (2.2) 

where Qi is the AF = 2 operator: 

Qi = (d P ^P L s<>) (d a ^P L s°) (2.3) 
with p, a colour indices and we focus on the AS = 2 case. For later convenience we define: 

\i ~ V 3<*VjP > Vj - I jr. 1 , ; 

where the roman index refers to the squarks and the greek indices to the quarks, that we are going 
to drop from now on. 

Naively computing the various box diagrams with one heavy squark with mass rrih and one 
light squark with mass me one obtains the QCD- uncorrected amplitude (see e.g. [T4"][T5] ): 



c 6i£ 



m 2 h 



^ + 7^ log —J + a w [ -—— + --— + - — U + K + log — 

36 18 mi J V. 4 ^ V 4 ^6 3a u / V 2 mi 



(2.4) 
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where: 

I i 

11 = 4 + 36*^ ' tw = tan ° W ' 
We immediatly recognize the feature stressed in the Introduction. In the case of large separation 
between rrih and m^, it is not consistent to use these expressions as initial condition for the 
coefficient of Q\ at the scale rrth. We thus need a more careful treatment of the QCD running 
between the two scales, as we now discuss. 



3 Mixing between AF=2 and AF=1 operators 

The new ingredient that is required in order to deal with the heavy-light exchange in C^[ =2 is 
the mixing between Qi, given by (2.3), and the AF = 1 operators which are generated after 



integrating out the heavy squarks of the first two generations (see Figure [I]). A possible basis for 
these operators, according to the external light particles, is: 



two gluinos: 



Qi = S ab 5^P R g b )(g a P L s a ) 

Q% 



one gluino and one neutralino: 



d ba % a {d_P R g b )(g-P L s a ) 
if ba % a (d P P R g b )(g"P L s a ) 



(3.1) 



QI 



i 

2 

1 1 



t b pa {d P P R g b ){W 3 P L s a ) + (g b W s 
t b i P R g b ){BP L s a ) + (g b ^B) 



(3.2) 



two neutralinos or two charginos: 



Q\ 
QI 

Qi 
QI 



(d a P R W 3 ){W 3 P L s a ) 



1 1 

a,„ 2 



(d a P R W 3 )(BP L s a ) + {W 3 o B) 



^(d a P R B)(BPLS_ a ) 
±(TP R W+)(W+P L s< 



(3.3) 



In the case of Q{ x , Qf x and Q\ the antisymmetric combination of the two terms is generated 
at high energy with null coefficient and then receives contributions which are not relevant for us, 
since we are just interested in C\ up to order and 77/^. 



Notice the rescaling factors in the definition of the operators (3.2) and (3.3), analogous to what 
done in [16] [IT] . In the following we will keep a w constant and the ADM at lowest order in a s . 
The appropriate effective Lagrangian to work with is: 



= c x q x + c?Q! + £ °f x ^ + E c ^ 



(3.4) 



i=i 



8=1 



i=l 
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Figure 1: Examples of diagrams contributing to the QCD running: flavour conserving gluon 
exchange (left panel), and flavour violating exchange of a light squark (right panel). 



It is convenient to define the scale-dependent 10-component vector 



(Ci,Cj,C^,Cj"); 



a 



J 9X 



cf\ [c x 



(3.5) 



satisfying an appropriate initial condition at /i = rrih, and a Renormalization Group Equation 
(RGE): 



dC 



(3.6) 



dlogfi 

The 10 x 10 matrix of anomalous dimensions, T, receives contributions both from standard gluon 
exchanges as from flavour-changing light-squark exchanges. Its explicit expression for a generic 
SU(N) of colour is: 



a s 
2^ 



iaji % g o o 

o 




v Slat 



l ax ■ X 2X2 

7XX ■ X 4X4 / 



where 71 = 3—^- is the standard anomalous dimension of Qi, while: 

-1 (iV 2 -4)(iV- 1) N-l' 




(3.7) 



(3.8) 

(3.9) 
(3.10) 

(3.11) 
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_3iV nt 

^gx 2 8 ' ^ xx 



(3.12) 



where ng is the number of light squarks (n$. — 3 if £l , £r , Sl as we assume; ne = 4 if also 6r). 

An important observation is in order. As already stated we are interested only in the expression 
for Ci(m,£) at the light scale up to order £ h £ e and rj h rj^ [^J For this reason we do not care about 
the terms 7i s , 71 gx and j% x , which introduce subleading corrections. Notice that, besides all terms 
of the type a^ +n log 1+n , we are also obtaining some of the terms of the type a w a\ +n log 1+n and 
a^a™log 1+n . In fact we obtain all such terms in the limit in which a w is left constant and we do 
not dress the various operators with genuine weak interactions. This means in particular that this 
procedure includes the relevant a^a™ log 1+n terms in the limit <C VtVhi m which they could 
dominate over the other contributions. 

It is also clear that all the entries of T which are due to gluon exchange do not depend on 
the assumptions on the flavour structure, since flavour changing couplings enters only in the 
non-diagonal part of T as well as in the initial conditions. 



4 Improved evolution from m,h to rri£ 



To obtain C\(mi) one has first to evolve to the scale /x the coefficients of the AF = 1 operators, 
which is readily done by diagonalizing the 3x3 matrix 7 gg , via 7^ = Ay^A -1 . In terms of A and 
of the diagonal matrix 7^, one has: 



CM = A 



a (a) \W bo 

«S) AC ' (mkl (41) 

/ a (a) \" ,9x/b ° . 

c «("» = US) c »« (4 - 2 » 

d ^> - {^Y* 6 ^ (4 - 3) 



where &o/27r is the one loop coefficient of the beta-function for a s 
The RGE for C\ has now the form: 

dCi a s ^ , oc B ^ *t A , y/°^r~T A , 1 



7iA + szWiiC, + ^i% x xC X9 + ^a x iC x , (4.4) 



dlog/i 2vr ,x 1 27r^' 5i y 2tt ^ 19x1 xy 2tt 



with Co, C xq , C x given in eqs. (4.1)-(4.3). The analytic solution of this RGE in our approxima- 



2 If this is not true one should consider many other terms, including the AF — operators with four gaugino 
external legs and 7i ffx , 71 x and jig. 
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tions is: 



(f^)) 7l/ ° Cl(mh) + ^9^B D A- l C g {m h ) 



+ 



+ 



(4.5) 



^7 xl (7 x (m fc ) 
7xx - 7i - &o 



0L 8 Vmt) 



^fajjnt) \a s (m h ) 

a s {mt) 
a s (m e ) ya s (m h ) 



7 9 x/ b 



a s lm e 



^a s {m h ) \a s {m h )) 



71 /bo 



7xx/ fe o 



a s mi 



Oi s {mh) \a s {m h )j 



71 / b 



with the matrix elements of the diagonal matrix Br, given by: 



(B D ) 



1 



kk 



Ik - 7i 



a s (m A )) 



"fk/bo 



aJme 



a s {m h )) 



71 / 6 



7fe 



(7£) 



(4.6) 



The first term on the right-hand-side of ( |4.5 ) corresponds to the standard rescaling of Qi, whereas 
the other terms, proportional to £e are the QCD corrected contribution appearing at lowest order 



in C£f= 2 , eqs (2.2) and (2.4). 



The relevant initial conditions at the heavy scale are (with N = 3): 



Cl — €h£i 



mi 



2 2 



4^6 



1 r?/j?7i 2«» o 
4 3 a w 



CT = -4vra s a- 



1 f\ 



mi 



,1,1 



c; 



-4:7ra w ^/a~ s C, h - 



1 



—2, -tw 



(4.7) 



mi 



1 L 2 r/h 



It is easy to see that expanding the full result up to order a 2 , a 2 w , 0^0^ one obtains exactly the 
logarithms appearing in (2.4). C\[me) can then be evolved down to the GeV scale in a standard 
way, properly accounting for the different thresholds one encounters in the beta-function coeffi- 
cient. 



Let us finally say something about the relative size of these corrections. Consider the illustra- 
tive case mi = 500 GeV and m^ = 20 TeV^Jwith = rj^h- What one finds is that the relative 
correction to the Wilson coefficient of Qi, due to light-heavy exchange only, is respectively about 
45% for the terms proportional to a 2 , 3% for those proportional to a s a w and 2% for the terms 



proportional to a 2 w . This is the correction with respect to using (2.4) as initial condition at m^ 
and then naively evolve the coefficient with 71 only (as usually done in the literature |9j-[lljr| 



If, on the contrary, the amplitude (2.4) were used as initial condition at the scale me, then the 



relative errors would be respectively 35% (from a 2 ), 1% (a s a w ) and 1% (a^). Notice that, for 



3 Notice that this value is not necessarily unnatural, see [18] . 

4 This result justifies the approximation used in [T5] where only the corrections to the Wilson coefficient propor- 



tional to al are considered. 
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moderate hierarchy, the relative impact of this correction is of the same order of what one typically 
obtains by computing the exact NLO corrections and then going to the hierarchical limit [19] . In 
fact in that way one gets the correct result up to order a^log 3 , together with terms a^log 2 that 
are beyond our approximation. However if the logarithms are really large then it is necessary to 
completely resum them, as we did here for the LO result. 

The dominance of the corrections to the a 2 s term reflects the fact that at one loop order 
the gluino-gluino exchanges give by themselves the 90 — 95% of the total. This is the case if 
iiih = ViVh- Notice however that, for £^ < rjerjh, the proper corrections to the term a^log can 
become important. 
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